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Magnetic guantities Elecirical quantities
ba— length! —m M— length{ —™
= X2 H-dl magnetic field H - electric field & -
X X, X, X, X,
—+ ——F
MMF ~¥ voltage =7
F = Hl V==El
surface § surface §
with area 4, with area A4,
) i
D :J' B-dA total flux ¢ I| total current f |
S flux density B | current density J |
L L

o (magnetomotive force) F=H/
o (Flux) o=BA

U (Faraday’s law)
_do . dB(t)
0= =g
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Magnetomotive force (MMF) F between points x, and x, is related to

the magnetic field i according to

R J.':H-m
.'I'I

Example: uniform magneftic
flield of magnifude H

— length [ ——
magnetic field H
-
X, ey,
I -
T~ MMF 7
F = HI

Analogous to electric field of
strength E, which induces
voltage (EMFE) V.

l—  |ength [ ——w

electric tield F

X . X,

voltage

V= El
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The total magnetic flux @& passing through a surface of area 4 is
related to the flux density B according to

i

B - dA

Example: uniform flux density of
magnitude B

d-BA

surface §

total flux & II
5

flux density A ||

with area A,

Analogous to electrical conductor
current density of magnitude J,
which leads to total conductor
current I.

surface &
with area 4 |

total current f II
L

current density J |
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Faraday's law

Vit) -8 » (). (i)
F Y
terminal Core
characteristics characteristics
 J
TE » i), Byt

Ampere’s law




Faraday’s Law

Voltage vit) is induced in a
loop of wire by change in
the total flux &) passing
through the interior of the
loop, according to

d i)

Vi
o il

For uniform flux distribution,

i) = Bri)4, and hence

W) = A dB(1)

©di

flux i) ¢

IR
ANVA

NTUST

area A

.




Lenz’s Law
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The voltage vi) induced by the changing flux dy¢) is of the polarity that
tends to drive a current through the loop to counteract the flux change.

. induced current

Example: a shorted loop of wire B LMF-}JUH !

« Changing flux &(1) induces a
voltage vit) around the loop

« This voltage, divided by the
impedance of the loop flux i)
conductor, leads to current iit)

shorted
|qﬁqﬁF1

« This current induces a flux
d'(t), which tends to oppose
changes in d(t)

mduced

Mux d'yi)




Ampere’'s Law
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The net MMF around a closed path is equal to the total current
passing through the interior of the path:

H - dl = tota! current passing through interior of path

ckesd path

Example: magnetic core. Wire

canying current i(t) passes H

through core window:, itt) 4 N A

« lllustrated path follows - \L magnetic path
magnetic flux lines | |4 length

around interior of core

+ For uniform magnetic field
strength Hie), the integral (MMF) \. J
is Hl,. So

Fih=HnHl, =it)




* Ampere’s law
NTUST

. H (t) i(t)
. i) MMF
: , MMF,
F()=H (1) MMF i(t)
. MM F

MMF i(t)




Free gpace

E &
B-=u,

/..

Ly

L, = permeability of free space

= 4n - 107" Henries per meter
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A magnefic core material

anll )

Highly nonlinear, with hysteresis
and saturation

10
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No hysteresis or saturation Saturafion, no hysteresis
A Bk
B'ﬁ:’H
B-=u Ml -
L= L Ly
L= L, Hy Ll
L i
H H
o Es:u
Typical p, = 107 - 10° Typical B, = 0.3-0.5T, ferrite

(0.5-1T, powdered iron
1-27T. ron laminations

11
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Table 12,1, Units for magnetic quantities

quantity MKS tnraionalized ces onversions
core material equation B=u,u H B=u H
B Tesla (ranss IT=10'G
H Ampere | mefer Uersted | A/m =47 107 Oe
B Weber Maxwell [ Wh = 10" Mx
IT=1Wh/m’

12
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Faraday's law: N
For each turn of | b core area
wire, we can write il =
- I ’\.]
1 1) . :
Vral 1) = —— VI turns | N 1\!
(i "'\:. care
permeability
o . Ll
Total winding voltage is core
ddir)
Wiy=nv, =1
" il

Express in terms of the average flux density B = dyiiid.
d B

VIE) = 1 | e—
o “ i

13



Ampere’'slaw
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Choose a closed path H
which follows the average | Y
magnetic field line around “::’ |
the interior of the core. p DY | et path
Length of this path is rms || 1} il
called the mean magnelic N
path length [ .
—
For uniform field strength
Hity, the core MMF

around the pathis H [ .

Winding contains n turns of wire, each carrying current i¢). The net current
passing through the path interior (i.e.. through the core window) is ait).

From Ampere’s law, we have
Hi) L, =nift)

14



f
B, TorH=8_/u

wH for|H|<B,/u
B, Tor i H=8_/u

B

—

=Ty

\

Find winding current at onset of saturation:

substitute i =7, and H = F_/u into

kel af ¢

equation previously derived via Ampere’s
law. Result is

JII;."I’-':' !rliln'

- L7

Sl

Ll

NTUST

sl

mulh |
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We have: [

B, ToriHH=8_/u
. dBit) :
i) =n 4, I Hit) [, =nift) B=4{uH for | Hl<=B_/'u
B, forH=FE_, /1

Eliminate £ and /4, and solve for relation between vand . For /i| </

e

_ d H i) LA dilh
i) =und —— —- ! —
S dt Vi) , dt
which i1s of the form
dill) . 2,
= L2 with r=E ’}I"f
—an inductor

For/i| =1, the flux density is constant and equal to £_,. Faraday's
law then predicts
vt =mn A, fﬁ“’ () —saturation leads to short circuit

16
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. +— |enoth !/ —
Uniform flux and R

R -a— MMF F — area
magnetic field inside A
a rectangular | ‘
element: ux | - ad
qJr o —
f - > o
MMF between ends of \\ q_l“‘—— core permeability 1
elementis _ - )
F=HI H =1
A,
Since H=F/uand B=d/ 4c. we can express F as
F-—Lo with S
1A, T
A corresponding model,  te— F —m
—AA E = reluctance of element

i =

17
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- MMF
s MMF-> : D -
- Kirchoff’' s law

18



Kirchoff's current law
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Physical structure ”Jfﬂﬂff
Dwergence of B F} P, / >
Flux lines are continuous — —

and cannot end

Total flux entering a node
must be zZero

D, l
Magnetic circuit
node D, =D, + D,

0 \ 0,
i -

D, ¥

19



Kirchoff’s voltage law
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Follows from Ampere's law:

H - di = total currvent passing througch interior of path

I-. lllh %‘t{ J.*.Iﬂll

Left-hand side: sum of MMF's across the reluctances around the
closed path

Right-hand side: currents in windings are sources of MMF's. An n-turn
winding carrying current i) is modeled as an MMF (voltage) source,
of value aiv).

Total MMF's around the closed path add up to zero.

20



Gap
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core
permeability 1L

cross-sectional
area A

&

i air gap

[

_T' g

— magnetic path
length [

|-

Ampere's law:

F. | F.: ni CI)I :q)g :CI)

21
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':D]:Il-%. " £ -
permeahility p_
I "
-
| ’ ""'l | cross-sectional Vv
(1) — area.d,. "

-
+
Vi) mrnfrl : _L ?ir = n b Ci) @ ERF o

_T'

L J L magnetic path
length [,
F.+F =ni R, Lo
! A,
| R, ——t
ni—1h [Er R 2) AT

22
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care

permeability 11 R F
iy .
0 4 a h | cross-sectional 7]
! | aread, '
> ‘x] v +
" oo .
v(t) P ! %_{ air gap
_ g B l,
p -t nift) C_) o)) SR, F,
\, 4 1 magnetic path
length | _
. |'{' 3 P o
Faraday's law: vy - n & Dit) < ni=d [_‘:3 I R,J
po /
: i3 difl) F = et
B Vi) ‘ : A
Substitute for d»: R.TR, dl L fi'_
- - R ——t_
Hence inductance is T, A
I in?
R TR

23



NTUST

G = BA_,
B

salf r

r]}.'u:'h' H.l.f.'."'lf
. I E
- %I—(E ' E_,!] ,
| | i i -
Effect of air dgap: ”"rm.l.f ”“rjff.'.? ni o< H
; .

» decrease inductance

* increase saturation
current

* inductance is less
dependent on core ey = B AL
permeability

24
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Two windings, no air gap:

p
[, L r . ll
T e ' N it

fl

. I 9 " g ~ M,

¥ |flr_,l "W e by = ! I
_ | ! turns b g V(¥
iy g, _ i -‘Hj N N _

e

Maagnetic circuit model: +

25
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In the ideal transformer, the core O R,
—- A
reluctance E. approaches zero. t g _
MMF F. = a3 E also approaches " i C+) C—) .
zero., We then obtain NG S
O0=n,i +n,i,

Also, by Faraday's law,

: did S —
N g i 1 Ry ] i
d @ T R

II."I .ﬁl-_.—

T < di |
Eliminate b ; .
dedr vV, Vv, =

i n, .

|deal transformer equations: -~ .

II 1:' i i E 3
—L == and a,i ta,i,=0 L ddeal

-ﬁl| .ﬁ': - N — |

26
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. R
For nonzero core reluctance, we obtain 0 ‘
— ¥,
. . : I |
DR —ni,tn i, with v n,% F,
L

Eliminate : nyi C) CD nyi,

y nod foh
= i, i2
. . . Ha e —
This equation is of the form i ;b2 n, : i
. - e -
v @ by ' oy, | ! N
T B AL S
- HE ¥ _”T | V
with [ il I Lyp=% H | 2
my R R i !
;o !
Vwmp | 1, 2 i

i Ideal

27
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. B(t) B

sat

- volt-second

29



Magnetizing current
depends on the integral
of the applied winding
voltage:

Ll £ !L I v, (t) di

o

Flux density is
proportional:

| .
i) an,u; it}

h'l-|

I

|

3k

mp I ! |
!

i fdeal

Flux density befcomes large, and core
saturates, when the applied volt-seconds 4.,
are too large, where

A, f v (1)
-'|

limits of integration chosen to coincide with
positive portion of applied voltage waveform

30
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(—b (] M —\
i) Lt
]

+ t

E
v, () {]*HC_ s
- i

Dy v,

s S

{h.r._? 'f[-'l'll'_'.-
ﬂ ] ] prarr=fie. |3
== Lo e, .
£ L)

v, (1) E "H_, .

- Vaf i)
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g I npihy 21
—— T i LIS
| |
|
vitr| 1L, Lol alin ; IRT<
["E”ll [!‘IE Ly | di]islt) i L“’-”=’T;L'3 i H : V2
|
| |
_ | _
mutual inductance | Ideal Ji
n, i, M,
I‘IE R E 1’ g
primary and secondary effective turns ratio 1 \/f——
self-inductances Ly

.ﬁ'_|
b= Lo m, Li coupling coefficient - __Lu

i J’.Elm.!’.lj ‘11 +n
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Low-frequency losses:
Dc copper loss
Core loss: hysteresis loss

High-frequency losses: the skin effect
Core loss: classical eddy current losses
Eddy current losses in ferrite cores

High frequency copper loss: the proximity effect
Froximity effect: high frequency limit

MMF diagrams, losses in a layer, and losses in basic multilayer
windings

Effect of PWM waveform harmonics

33
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Energy per cycle W flowing into »- &
turn winding of an inductor, it { .
excited by periodic waveforms of + " PRI
frequency f: i qurny :} .
- A pemmeability
W Vi)t o H
oz ovele
Relate winding voltage and current to core B
and / via Faraday's law and Ampere’s law:
. d Bii

W = A, T, Hl, =nift)

Substitute into integral: " [Mrca’,g;j:_:)[mj;]fﬂ.]m

one cyels

{.-a‘,fw}j HdB

ane cyels

34
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Bt
W [H)I HdR Area
one cyvele Hl!l'rﬂ
o cycle
The term 4/, is the volume of i t
the core, while the integral is
the area of the B-I{ loop.
(energy lost per cyvele) = (core volume) (area ol B-H loop)
P, [;}(;;)I HdB Hysteresis loss is directly proportional

e cycle to applied frequency

35
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- :B-H
?

(Steitnmetz equation)
P, = Ky B, (Corevolumn)
- kH a
s P, B

MmaX

36
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Magnetic core materials are reasonably good conductors of electric
current. Hence, according to Lenz's law, magnetic fields within the
core induce currents ("eddy currents”) to flow within the core. The
eddy currents flow such that they tend to generate a flux which
opposes changes in the core flux @), The eddy currents tend to
prevent flux from penetrating the core.

flux
MDy1)

eddy Eddy current
current loss ()R

i(f)

core

37
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Ferrite core l J N |
material A7 Emplrlcal equation, at a
,,: Ej :q,?f / fixed frequency:
i !
rr'fE "Illf l'IIr Jlllln _||"3'n 'IF;I'-_I'I." ‘Irj.E.u:.':r A e 'Ir-.-
; A LA &
5 / / fe’ /‘i/"
Sy ff 4 A
5 4 i —=7
b i 7 7=
E i 2 AN
. / / / [/
AREFIVITA
: 5
0.01 /I / /

0.0] 0.1 0.3
8 . Tesla

Ay
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Core type B, Relative core loss Applications
Laminations .5-2.01 high 50-60 Hz transformers,
ron, silicon steel inductors
Powdered cores 0.6-081 medium 1 khz transformers,
powdered iron, 100 kHz filter inductors
molypermalloy
Ferrite | 0.25-05T low 20kHz - 1 Mhz
Manganese-zinc, transformers,

Nickel-zinc

ac inductors

40



NTUST

gchsieh@et.ntust.edu.tw
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p=1.724-10-6Qcm (25°C) i(t)

p=2.3-10-°Qcm (100°C) R

—J2
Pcu_l rms

R




* (Eddy Current)

SKin effect:
ity ¢

crrren
densily

edidy
CUrTenis

edidy
CUYFFeRis

(1)
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NTUST
Forsinusoidal currents: current density is an exponentially decaying
function of distance into the conductor, with characteristic lenagth &
known as the penefrafion depth or sk depth.
- I
0= U __i'" ipe diemetor
N = 2DAWG
FETREITTE O P =
deptl &, oo . o = #20
= = AN
SEHL T S A
0, CM e = #30
. -—-___-___:_____ -
l S — A40AWG
For copper at room i A4
temperature;
_ 13 o
q,l"_ e
10kHz 100kHz 1MHz
JrEiency



* NTUST

o 37% (or
1/e)

. 70°C 6=2837/11/2 (mil)
s R =R, .+AR (Due to skin effect)

R. ar’ - (d/25)?
R. a2—x(r=5)% (d/25)%-(d/26-1)

r g r-o
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- 6=(p/nuf) 12, p
. pu=np,, 100°C |,
5= 7.5/1/2

s AWG #40 500kHz , d/6=1,
, (d,,,,=0.07987mm)

s AWG #22 10kHz , d/6=1,
, (d,,,=0.6438mm)




(Proximity effect)

edd ‘? faver ORONCRE
y | 32
Curl’en'[, 4 2
T laver EI E' 2
L L e
) . .II
<
. . laver ':E.-:' { ]
(Proximity effect) J

crareni

aheRrity
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Let P, be power loss in layer 1 ¥ -
=l
g i
P=I_ [H. E} - aver EI IEI IIEI LT
3
Power loss Py in layer 2 1s: e B H -
- i
_f [ __} -"'!In] [ﬁ n"] - .
T layer CINCIES
| | S I
Power loss P inlayer 3 is; - i
p=[a, ¥ ﬁ-‘.-?]+ M,ﬁ[ﬁ..i} -
[ } [ o [ ] =B K laye OR )
= 13P, ]
Power loss Py, in layer mis: 1 ta b
B oo
Po=(m-1¢+mi P, k-
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Add up losses in each layer:

'Ill:l'-rl.-.'--.ﬁ= i‘l ;1'=%{2'H: + ]] 'Ir:ll M
Compare with dec copperloss:

If foil thickness were d = &, then at do each layver would produce
copper loss ;. The copper loss of the M-layer winding would be
d=3 dc
P . =MPF ’ ’
For foil thicknesses other than d = &, the do resistance and power loss

are changed by a factor of d'é. The total winding de copper loss is
08 P .=MPE M

b
=othe proximity effect increases the copper loss by a factor of
F I s_ 1 d z
= L e _ 1 =¥ s
Fj'l'll_l o B F.". ) 3 E{I-IH + ]]

T
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() ih) iel i Conductor spacing
factor;

d ID } 1= ",r”?r d f:
()
Effective ratio of

I conductor thickness

)
O to skin depth:
O
9

p=4m 4

10
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T'wo-winding fransformer example

core primary lavers secanaary layvers

() (=)
Ay
:@%Eﬁ
S A
OO,

11
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I-l..J

o 1x)
[.I.I.', - :.I.'.] i= F(x) H(x) = ——

F'ix)

@a@i/@i@n@-@ L,
J .
_ 1, .-I

12



-
0
)
-
Z

MMF

Hix) =

— 1 Ja
_‘.I.r I.'t..l

[.I;u o= m,] !
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MMF
Frv) &

¥l

AL A




* (Interleaved windings)NTUST

pri

&

NEC

()

3

pri

(@)

NEC

2

pri

o)

NEC

2

—F
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secordary

primeary

SeCOndary

16

T
)]
|
T
—~E
0p]
(@)
b=
©
=
=
©
)
>
©
)
-
)
)
b=
|
>
[
o’
-
©
al
"~/




H(O) H(d)

*H(o) H(d)
F(O)F(d)
eH(o) H(d)

layer

17
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Maxwell
P=R, # \[Fz{f!} + FE{H}] Cry(p) — 4 () F (O0) Gap)
)
where
(MLT) n? i, = number of turns in layer,
Ry = W R, = dc resistance of layer,

(MLT) = mean-length-per-turn,

G,(0) = sinh (2¢) + sin (20) or circumference, of layer.
' cosh (20) — cos (2¢)

sinh (p) cos (@) + cosh(@) sin (P)
cosh (2¢) — cos (2¢)

_ d — fIU i
P=4M = =TT

GH(p) =

18
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If winding carries current of rms magnitude /, then —
F(dy-F(0=n,1

Express F(d) in terms of the winding current /, as

Fd)=mn, m mmfA@) n,l o) 4| 2 (4 )
The quantity m is the ratio of the MMF Frd) to
the layer ampere-turns »,/. Then.
E(O) _m—1 ]
F{{” mn . ! !
Power dissipated in the layer can now be written Fiv) , B
, () |
=1 Ry OQ, m) FM
i i
', m) = (Emz —2m+ 1) (ry () — 4m (m - 1] (r,(1p) \ d >

19
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0
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4

m=Ff512108 A 3

m=1i3

A 13

i

Fd

i

IF I A

FrJ Jif
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100 w=15 1210 &

IJ" IJ.I'" I
f
7 ;
3 . '
'i'f ,.-"": / 4
W/ 1
10 474 ) ’
.J‘! i Fy
e FlA lF F et} 5
. all ..-"'r.f" il =
Relative to copper - Wl s
loss when « = 6
——— i
e
e
i S =105
0.1
0.1 I |
i
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. . ¥
Proximity effect, m FfH — ¢ O'(q, m)
Fo= e ] E Q'(p, m)
= = . Ml
i "Ir};.-.r.f.dr M w=1 {-F' - {I-J
primary layvers secondary layers
| [®=|®| |8*|a| |«
nﬂ.r' r.'F." 1 ni i ni
iy M ” i
_F
i 0 A M
i 4 3
I N
] i i -
X

22



Fr= [f Ay + 2 (v = 1) (G - 2 r‘:[qﬂ]‘
NTUST

number of lavers M |5 12 100 &

100 F T I I 7
T 7

[ () FiPAPAT 200

=
N\
N\

AN

\1"'

N
Y
Y

P
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_ number of lavers M | 5 | 2
100 7= T |,
7 7 - -
.I'r':l.,.- i [ o
e VIO wessk
Poriae|,_, v/ 6
el o
101 T J"i’/'/’rf..-""_ 4
i rF v i '-':
A
= 2
ff’#’?—_—m 1.5
J
S I
""h..__l“h_
e (5
1
0.1 I | )
U

24
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Fourier series: it &
m I}
i(ry=1,+ 1)21 V2 I, cos (jor) f*‘* _
with
21,
[,= ; '.rl:H sin (jml)) Iy= DIy
’ i
Copper loss. 0 DT, T
De = Ifn R, '

A P=1 R AT 0| G700+ 5 (M- 1](&.14_?&[31—3&;{5{4}}]‘
Total, relative to value predicted by low-frequency analysis:

P 20, & sin’ (juD)| ., -~ R - A
-D+ ilhj);‘v ;.ﬁ {:,{ﬁ(pl}+_:q[;‘pf —1][{;,(ﬁm|}—2{:2{ﬁm,})

DR, D
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: Fy AC
AP
‘IrH ‘f‘.l-l

Poi=Io Ry + Fy Fy IT Ry,
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D=0.5 PWM
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=105

PaZiiSaNN
7 __.4 L
A IRCANE AN LA
kﬁ AN ANY
NANENRNNN
I_fm /./r .M,,....//,

! '}f
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a

i,

L

G
"ﬂi‘:—r———_ e ————
M=10.5
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D=0.1 PWM

NTUST
| (D I
M= 10 -~ L=l
Fal
_ Palp;
o
P "‘"’j-*"'
/0 9%Ev
[ 21 P 1.5 e
P ?.-L ..:;"'
__,_...-l-""';-_ et W= 5
|
i1 | 11
P
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o (Volt-second)
o B-H
o B

sat

e
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= Laminated iron alloy core: highest B,
nighest P,

= Ferrite cores:lowest B_,, lowest P,

= Powdered iron alloy core amorphous
alloy core

= Skin Proximity effect ,

31





